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Combinatorics of Reaction-Network Posets

Douglas J. Klein™?, Teodora Ivanciuc®”, Anton Ryzhov* and Ovidiu lvanciuc®

*Texas A&M University at Galveston, Galveston, Texas 77553-1675, USA

bUTMB, Galveston, Texas 77553, USA

Abstract: Reaction networks are viewed as derived from ordinary molecular structures related in reactant-product pairs so
as to manifest a chemical super-structure. Such super-structures then are candidates for applications in a general combina-
toric chemistry. Notable additional characterization of a reaction super-structure occurs when such reaction graphs are di-
rected, as for example when there is progressive substitution (or addition) on a fixed molecular skeleton. Such a set of
partially ordered entities is in mathematics termed a poset, which further manifests a number of special properties, as then
might be utilized in different applications.

Focus on the overall "super-structural” poset goes beyond ordinary molecular structure in attending to how a structure fits
into a (reaction) network, and thereby brings an extra "dimension™ to conventional stereochemical theory. The possibility
that different molecular properties vary smoothly along chains of interconnections in such a super-structure is a natural as-
sumption for a novel approach to molecular property and bioactivity correlations. Different manners to interpo-
late/extrapolate on a poset network yield quantitative super-structure/activity relationships (QSSARs), with some numeri-
cal fits, e.g., for properties of polychlorinated biphenyls (PCBs) seemingly being quite reasonable. There seems to be

promise for combinatoric posetic ideas.
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1. INTRODUCTION

During the last two decades, the area of "combinatorial
chemistry" has extensively developed to involve a "guided"
set of reactions so as to generate whole libraries of chemical
compounds to be investigated — by way of a related and also
newly developed field of “chemo-informatics”. But there are
considerably wider involvements of combinatorics in chem-
istry than appears with the now standard combinatorial
chemistry, or even chemo-informatics. In fact, combinatorics
is generally deeply involved in "permutational isomerism”,
"enzyme Kinetics”, "QSAR”, "chemical graph theory”, and
many other areas, even within the more physics-related sub-
jects of "statistical mechanics" and "quantum chemistry”.

Here attention is directed to reaction networks and their
combinatoric structure, such as then may be utilized in the
characterization of the network, and of the substances ap-
pearing in the network. Combinatorics on reaction networks
is relevant for many areas of chemistry, biochemistry and
molecular biology. Many reactions involve cycles, but also
many manifest an overall "direction” which then provides
mathematical (combinatoric) features of potential use. A nice
generic example of such a directed network involves substi-
tutions, additions, or eliminations on a fixed skeleton with
several locations to make such change. These directed net-
works turn out to manifest the mathematical feature of a
"partially ordered set”, or "poset”, where the "following
from" relation, though ordering many pairs of species in the
network, does not so generally relate an arbitrary pair. That
is, though every chlorinated benzene is ordered with respect
to benzene in that it "follows from" benzene through some
succession of chlorinations, there are trichlorobenzenes which
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which do not so "follow from" some dichlorobenzenes — e.g.,
1,3,5-trichlorobenzene does not result from chlorination of
1,4-dichlorobenzene. Granted such a posetic reaction net-
work, it frequently seems plausible that many molecular
properties generally vary gradually over the reaction network
or poset. Thence, it is desirable to have some powerful com-
binatoric procedures for fittings to interpolate/extrapolate
properties amongst the different substances appearing in the
network. Simple illustrations can be made on the reaction
network of chlorinated benzenes, with 13 members (includ-
ing benzene). A less trivial example involves the 210-
member reaction poset resulting from (substitiutional) chlo-
rination of biphenyl — the polychlorinated-biphenyls (PCBs)
being of keen interest since they frequently occur as carcino-
genic contaminants of waters and soils.

In the next section, the ubiquity of some reaction-
network ideas is emphasized with focus on the partially
ordered case. Several examples of substitution (or addition
or elimination) reaction networks are noted to realize posets
— such as those that form a recognized area of mathematics.
In the section after that, there is some indication of a step
toward a formal characterization of substitution-reaction
posets (on a fixed skeleton). After this, we briefly address
the problem of systematic methods by which to interpo-
late/extrapolate on such a network. And in the concluding
section, it is sought to indicate how reaction-network posets
might be viewed in an even broader framework, to encom-
pass all kinds of chemical "periodicities” — such as mani-
fested in Mendeleev's periodic chart.

2. CHEMICAL COMBINATORICS AND REACTION
POSETS

Traditional combinatorial chemistry formally entails:
first a sequence M = (My, M,,..., Mp) of molecules M;, and
second a sequence L = (Ly, Ly,..., Lg) of ligands L; to be
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substituted (or added) at a given site of each molecule. That
is, a P x Q grid of reactions for each M;, L;-pair is considered
to yield a new substituted molecule MiL;, the collection of
which then constitutes a library of structures whose proper-
ties are to be characterized. Typically this is regarded in an
experimental framework, but it may also be treated theoreti-
cally, e.g., with there being some such development [1-4]. A
further theoretical development follows when some graph-
theoretic QSAR techniques (in terms of "topological indi-
ces") are suitably adapted [5] to the combinatorial-chemical
circumstance, where experimental efficiencies are also re-
flected as theoretical efficiencies. But the reactions are util-
ized in such an approach in a special manner, and there
might be further interesting ways to utilize reactions in a
combinatorially useful manner.

Indeed, there are many more combinatorial structures
resulting from reactions, especially if reactions are "piled up"
one after another. One ubiquitous example (in synthetic
organic chemistry) is provided by synthesis reaction graphs,
such as those that are numerously illustrated in Corey and
Cheng’s (1989) seminal book [6], The Logic of Chemical
Synthesis. These synthesis graphs are differentiated [7] as to
being “linear” or “convergent”, and there has been some
modest degree of formal characterization (e.g., by Hendrick-
son and by Bertz [8, 9]). Another commonly occurring and
important type of directed reaction graph is found in molecu-
lar biological applications, often showing cycles (or “hyper-
cycles”) say in the area of “enzyme kinetics”, with preferred
directions on the edges. These reaction networks have been
much studied, even in a formal sense, e.g., as in Eigen [10]
or Hill [11], though in these cases the possibility of a posetic
interpretation is complicated by their cyclic nature. Yet an-
other type of reaction graph is that for degenerate rearrange-
ments (of non-rigid molecules), which have also been for-
mally examined and reviewed [12]. However, these graphs
not only contain cycles, but the edges are best taken as undi-
rected. General complex sets of chemical reactions often
similarly exhibit cycles — see, e.g., Temkin et al. [13] or
Ross et al. [14].

But there is a general class of reaction networks which
are directed, are generally acyclic, and are somewhat akin to
the synthesis graphs, though of a more nicely defined posetic
type. That is, in some cases there is an intrinsic natural order,
say as for the possible results of substitutional chlorination
of benzene, as illustrated in Fig. (1). There only the hexagon
of carbons is shown, and the Cl-substituted carbon vertices
are shown as (larger) black dots. An arrow is directed from
one structure o to a second g, if B can be obtained from a by
a single minimal step of chlorination (i.e. by the replacement
of one H-atom by one Cl-atom, without moving around any
other Cl-atoms which might already be attached). Note that
in general not all the n-substituted isomers so arise from a
particular isomer with substituents. In the mathematical
theory, the reaction-network diagram as in Fig. (1) is termed
a Hasse diagram which has elements a > g if a lies higher
in the diagram than g and if also there is a downward di-
rected path (of one or more links) from «a to . As such this
relation satisfies the conditions:

a-pf=Bt+a
ao-Bandf-y=a-y

)
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Fig. (1). The posetic reaction diagram for successive chlorination of
the benzene skeleton, with black dots identifying sites where H
ligands are substituted by CI.

Such a collection is termed a "partially ordered set" or
poset. There is also the relation - which often is used to

mean that « and f satisfy either & > B or a = . Indeed there
is a large mathematical literature on posets, including: Birk-
hoff [15], Alberti and Uhlmann [16], Trotter [17], Pecaric
and Proschan [18], and Neggers and Kim [19]. These
mathematical works having developed a fair amount of gen-
eral theory, noting that posets occur in many diverse forms
in mathematics. Posets also occur quite generally in science
as reviewed in Rival [20] (in 1983), though the areas (from
behavioral science to physics) considered there somehow
miss chemistry. A special (2001) issue [21] of MATCH
Communications in Mathematical and in Computer Chemis-
try focuses on posets in chemistry, and a recent book [22]
focuses jointly on chemistry and environmental science.
These provide many further chemical examples of posets.
For the present substitution-reaction posets, there is a direc-
tion, though it is not precluded that the reactions occur only
to higher degrees of substitution. Rather it is assumed that
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this is just an a priori direction of "positive" reaction, while
reverse "negative" reaction is also possible. Still the partial
ordering remains (chemically) relevant — just as for particle
motion in 1-dimension, the ability of the particle to move in
both directions does not mean the numerical ordering of
coordinates is unimportant.

Substitution-reaction posets have special features. In
particular, they have:

* a rank (corresponding to the number of substitutions
made);

* a unique maximum (being the parent unsubstituted
skeleton);

* a grading with the number of reaction steps between

any two comparable species being independent of di-
rected path (or chain) between the two species;

* metric regularity properties (as described elsewhere
[23]); and

* some symmetry-mediated characteristics (related to
the symmetry of the skeleton on which substitution is
made).

Moreover, if different substitutions at fixed available
sites are independent, then these posets are self-dual (involv-
ing the interchange of substituted and unsubstituted sites).
But it seems that the various mathematical works [15-20] do
not address this particular type of poset, with most of the
extensive mathematical work on posets being either more
generally focused or else directed to other special classes of
posets. This lack of mathematical recognition of reaction-
network posets is rather surprising, because they can be
regarded as complicit in Polya's widely renowned theory
[24-26] of enumeration under group action. Even more nota-
bly, these posets can be interpreted as embodying the finite
geometric manifestation of Felix Klein's renowned [27, 28]
"Erlangen program" — where a geometry is characterized (or
even defined) by the action of a group on a chosen "space”.

Not withstanding the lack of mathematical attention to
such progressive-reaction posets, it should be emphasized
that there are many chemical examples of this particular type
of reaction network, and that they can be rather large and
challenging even to diagram in a clear fashion. As already
noted (in conjunction with Fig. (1)) the benzene substitution
network provides a prototypical example with 13 members
and seven ranks. This poset is complicit in early work (in
1874) by Korner [29, 30] as a summary of an extensive set
of experiments seeking to characterize the molecular struc-
ture of benzene — and occasional summaries of Kérner’s
work have diagrammatically displayed this reaction network
— as in references [31, 32]. Also, this particular reaction
network seemingly has in fact been independently rediscov-
ered a few times [33-36]. An interesting such rediscovery of
this poset is that by Zivkovic, who shows that if the substitu-
tions are of H by D, then under the assumption of a common
potential-energy surface, the (lower-lying) harmonically
approximated vibrational frequencies manifest a type of
numerical ordering consonant with this poset. The structure
of this poset also turns out [35,37] to be the same as that for
a trigonal prism.

An even simpler posetic reaction network is that involved
with the oxygenation of hemoglobin — where O, molecules
may be adsorbed to any one (or more) of the four component
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myoglobin units. For hemoglobin there is [38] a strict 2-fold
skeletal point-group symmetry or a more approximate dihe-
dral symmetry which is sufficient for some purposes. Here,
the two consequent reaction networks which are essentially
posetic Hasse diagrams appear as in Fig. (2), where the great
bulk of the structure of the myoglobin units is suppressed to
retain iconic skeletal frameworks of the appropriate symme-
tries. These posets make mostly implicit appearances in the
vast body of work on hemoglobin — occasionally with nearly
explicit diagrams [39-41] of the reaction network — say with
the same spatial arrangement as in Fig. (2), but without the
interconnecting lines, even-though there is clear focus on the
reactions and associated equilibria. In fact, sometimes even
more complicated diagrams are used, in seeking to account
for different comformational forms of hemoglobin each of
which is favored to different extents by different extents of
oxygenation, and possibly also by binding of H* or CO.,.
With the summary diagram of Fig. (2), each position dis-
played there may be interpreted as entailing a mix of con-
formations.

Fig. (2). Addition-reaction poset for oxygenation of hemoglobin.
The first presumes a skeletal symmetry group of C, and the second
presumes D,.

A 28-member poset with six ranks arises for H-
substitution (for H bonded to C) in phenol and is described
(and utilized) elsewhere [42]. Another reaction-network
poset, now of 34 members and nine ranks, is that for H-
substitution in cyclo-butane C4Hg, as described (and exten-
sively utilized) elsewhere [43]. Clearly, there are many more
examples — a few further having been elsewhere indicated.
And in view of the hemoglobin example, there may be many
molecular biological examples involving (allosteric) pro-
teins.

Yet another (larger) progressive reaction poset arises in
dealing with a hexamalonic-buckminsterfullerene species
Ceo(:C(CO,H),)e, and various decarboxylation products.
Here each malonic acid moiety :C(CO,H), is bonded to two
adjacent C-atoms of the underlying Cg fullerene, in such a
way that this parent species has a tetrahedral T, symmetry as
in Fig. (3), where the H and O atoms have been suppressed.
Under mildly basic conditions, Cerar et al. [44] find that this
water soluble species can be decarboxylated to leave differ-
ent numbers of :CH(CO,H) moiceties still bonded to the same
pairs of C atoms in the underlying Cgq core. Here just as for
malonic acid, decarboxylation at one end of a malonic acid
moiety makes the second decarboxylation at the other end
much more difficult, so that a second decarboxylation does
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not occur, under the considered conditions. Thus, the reac-
tion sites are strongly correlated (and not independent),
whence only a sub-poset survives from the full poset which
would occur with independent substitution. The consequent
40-member poset with seven ranks is represented as in Fig.
(4), where we have abbreviated each possible isomeric spe-
cies by a 6-digit trinary number with the ith "digit" indicat-
ing the state of the ith malonic acid moiety when numbered
as in Fig. (3). There are just three "digits" —, 0, + with the ith
digit being 0 if the ith malonic acid moiety is undecarboxy-
lated, and + or — if (singly) decarboxylated with the + choice
taken if the missing CO, is at the malonic acid end nearer the
viewer in the representation of Fig. (3). Notably, this substi-
tution reaction poset of Fig. (4) does not have a unique
minimal element due to the correlative exclusionary condi-
tion by which no more than one of the two carboxylic acid
groups at any malonic acid location can be removed. Also,
this poset does not show the self-duality evident in our ear-
lier examples.

Fig. (3). The hexamalonic-buckminsterfullerene species of Ty
symmetry.

Another even larger poset is that for Cl-substitutions in
biphenyl, leading to a 210-member poset, which has indeed
already been studied [45,46], though the reaction network
has not been explicitly displayed. Indeed, it becomes some-
what a challenge to represent this in complete detail, though
the beginning and ending portions of this 11-rank poset are
displayed in Fig. (5). If one forgoes the display of the mo-
lecular structures of the different members of this poset, then
the whole poset can be displayed, as in Fig. (6). The number-
ing of the EPA-set [47] congener numbers for these PCBs
proceed in order (left-to-right and then top-to-bottom, with it
being understood that the top member of biphenyl is number
0). It is seen from this figure that the overall structure is
rather "complicated"”, evidently embodying much informa-
tion. Its algebraic representation may be made in terms of a
210 x 210 adjacency matrix for the directed graph of the
reaction network (or Hasse diagram) — or alternatively as the
set of (840) pairs of structures corresponding to the links in
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this network. Moreover, this poset is of great interest as its
members, the polychlorinated biphenyls, or PCBs, are car-
cinogens which seem to occur rather ubiquitously as residu-
als from various industrial and agricultural activities.

There are numerous posetic reaction networks even more
difficult to diagram. For substitution on Paquette's dodeca-
hedrane [48] molecule CyoH,g, there are [49] 20024 chlorin-
ated isomers CyoH,_nCl, (distinguishing enantiomers) which
are to be placed into the consequent poset. But if one consid-
ers (additive) hydrogenation of buckminsterfullerene (Cgp),
the great majority of such structures are eliminated [50] (as
radicaloid), through the restriction that the CgoH, isomers to
be those which admit a Kekule structure (whence, e.g., n is
even). Even then, there remain ~ 10*> members in the poset.

But there are even larger such posets, if one slightly re-
laxes the fixity of the skeleton or the restriction to just one
type of reaction. For instance, consider diffusion down a
(polymer-like) chain [11,51] of sites each of which are to be
occupied or unoccupied, say by a type of ligand which is
being transported from one end of the chain down toward the
other end which is a long distance away, so that we denote
the states of the length-M such chain by (o1, 62, 03, 04,...,0Mm]
with ¢; = 1 or 0 as the ith site is occupied or not. (We use a
non-symmetric notation (...) for these states, since the ab-
sorption is to occur for only one end, the "open™ one next to
the parenthesis). Then, consider two reactions, first a reac-
tion to adsorb a ligand at the initial site from the bath, and
second the reaction to transport a ligand one site along the
chain:

(0,02,03,...,0M]—>(1.0'2,o3,...,ch] @)

(0'1,...,0' :LO,GWZ,...,O'M]—)(Gl,...,Gmfl,0,],O'm+2,...,GM]

m-11

Then, e.g., for M = 4, one obtains the (16-member) reac-
tion network of Fig. (7), where an arrow angled to the left
entails the first of the reactions of Eg. (2) and one angled to
the right entails the second reaction of Eq. (2). But if M is of
some more reasonable size for a polymer, of say M = 100
monomers, then the poset explodes to have millions of moles
(i.e. >10*) of members. A process somewhat like this might
also represent [52] the decalcification of tooth enamel, lead-
ing to tooth decay — here the Ca®* diffuses out to leave a
depleted material.

Yet another example of a progressively ordered reaction
poset is that for the methylation of alkanes (replacing a H
attached to a C by a CHz group). In this case, the basic skele-
ton grows without end, so that an infinite poset is obtained —
namely that for the subgraph partial ordering of "trees”, with
degrees limited to < 4.

We might return to the traditional formulation of combi-
natorial chemistry, in the light of these new concepts. The
bare traditional view contemplates a rather simplistic reac-
tion graph with the ith molecule of M = (M{,M,,...,Mp) re-
acting with the jth ligand of L = (Ly,L»,...,Lo) to give a prod-
uct MiL;, so that the bare reaction graph is naught but a col-
lection of P x Q single-step reactions. But there are different
ways in which this can be granted further reaction-network
"structure”. For instance, the molecules of M could all be
related to one another in some reaction network themselves,
and multiple types of reactions might be included with the
reaction (or reactions) to generate the molecules M; and the
reactions for the ligand additions. For instance, the set of M;
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Fig. (4). The decarboxylation poset for the hexamalonic-Cg, derivative.

there would be more than one M, Lj-product if there is more

could be from one of our "nice" substitution-reaction posets,
than one location at which to substitute.

and the Lj could be something which further substitutes for
the substitutents appearing in these M; — though in this case

Fig. (5). The initial and latter parts of the bipheny! substitution network.
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Fig. (6). The full biphenyl substitution network, with explicit structures suppressed, but implicit in using a conventional IUPAC congener

ordering.
[0000]
[1000]
[0100]
[1100] [0010]
[1010] [0001]
[0110] [1001]
[1110] [0101]
[1101] [0011]
[1011]
[0111]
[1111]

Fig. (7). The progressive reaction poset for diffusion down a length
M = 4 chain of sites.

Evidently, different sorts of methods to deal with such
posetic reaction networks are of interest to offer novel in-
sights, though there may be substantive mathematical or
computational challenges. Mathematical formalization can
extend stereochemical theory (where our posetic structures
are implicit), and a further conceivable use could be to inter-
polate/extrapolate properties for the different species arising
in the network.

3. FORMALIZATION FOR REACTION POSETS

There are a fair number of formal mathematical results
which apply for the case of a substitution-reaction network,
especially if applied to a fixed finite set S of substitution
sites, say on an underlying molecular skeleton. The possibili-
ties of the reaction are characterized in terms of a permuta-
tional symmetry group G for the skeleton. That is, the per-
mutations P in G are such that each site i (in S) is symmetry
equivalent to site Pi. For a set S of potential substitution sites
on the molecular skeleton, a configuration with n substi-
tutents at positions {iy,iy,...,in} = C S S is deemed symme-
try equivalent to other configurations {ipy,ip,...,ipn} = PC
for P € G. These equivalence classes of configurations
correspond to chemical isomers and then comprise the ele-
ments of the substitution-reaction poset P — and for &, { & P
one has & > ( if there are configurationsC € £and C' € (

such that C C C'. Thence, the poset depends on the set S of
available skeletal substitution sites and the group G drawing
the equivalences amongst subsets C of S.

As an example, consider the hemoglobin molecule of
Fig. (2), for which S is a set of four substitution positions
{1,2,3,4}, locating the positions just as the quadrants in a
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coordinate system. Then, the group C, is {I,(13)(24)}, where
(ij) denotes the permutation interchanging sites i and j, while
leaving all others fixed. The less discerning group D, = C,
U {(13)(24),(14)(23)} gives rise to fewer equivalence
classes of arrangements or configurations C < S. For in-
stance, the conformation {1,2} (with oxygenation in posi-
tions 1 and 2) occurs in the equivalence class

DA1.2} ={{P1P2}: P € D} ={{1.2}{34}} 3
and the configuration {1,2,3} occurs in the equivalence class
D,{1,2,3} = {{1,2,3},{2,3,4},{1,3,4},{1,2,4}} 4

The overall reaction network may then be re-expressed in
terms of this (more algebraic) labeling of equivalence
classes, as in Fig. (8).

Different choices of group G yield different posets, even
when S is fixed. Indeed, this has already been illustrated in Fig.
(2) for two choices of the point group (C, and D,) for the case of
hemoglobin. For the Cgy-based example of Fig. (3) and Fig. (4),
we chose the point group to be Ty, though if we had wished to
presume just T, then a distinction between stereoisomers would
have been made (and the poset would appear somewhat more
elaborate than as depicted in Fig. (4)). For biphenyl, the group
used is denotable as (Cyy < Cy,)Coan, Where C,, and C,, denote
independent 2-fold rotations for the two biphenyls (a and b)
while C,,, interchanges a and b ends of the molecule. This
group is isomorphic to Dy, but more rigorously (at least at
lower temperatures), the group should be D, with the rotations
on the two phenyl ends coordinated. Similarly, the quoted count
of 20024 for dodecahedrane substitution is with the use of the
point group Iy, whereas a higher count is obtained with the
enantiomers-distinguishing proper icosahedral group 1. In gen-
eral, different choices for the skeletal group correspond to dif-
ferent choices for the type of isomer to be considered. A large
group G and a smaller more rigorously realized one G’ can both
be relevant — say using G and only including the effect of G’ as
a perturbation. In fact, often even the minimal group of {I} is
relevant in that then it is just primitive conformations which are
identified. Presumably, the idea of overall group with a second
perturbative group may be relevant in dealing with hemoglobin,
and other allometric enzyme systems.

0

|

S

— T
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In general, one sees that each member of the poset is
represented by a set of configurations obtainable from any
member configuration C comprised from sites iy, iy, ..., in by
the action of P & G on each of these sites to obtain a con-
figuration PC. Each of these configurations itself has a
symmetry group which is the intersection of G with the
subgroup leaving the configuration invariant — here the
group which is a product of the group I'c of all permutations
on the set {iy, iy, ..., in} = C of substituted sites, and the com-
plementary group I'c» where C* is the dual set of skeletal
sites without substituents. That is, the symmetry group of the
configuration C is

GNTecxTex) =Ge (5)

and the symmetry groups for all other configurations equiva-
lent to C are isomorphic. Each isomer & & P then is labelled
(up to isomorphism) by a generic permutation group G (=G¢
for C € &), which corresponds to a molecular point group
for & when G itself does. Examples of these isomer symme-
try groups G; are indicated for G = D, hemoglobin in the
second part of Fig. (8). And also shown in the third part,
different "symmetry numbers" are given: first, at each poset
member the numbers of arrangements constituting that iso-
mer; and second, the number of ways a given arrangement of
one isomer results in the product isomers with one more
substituent site. At each poset location, one could also ap-
pend the symmetry numbers, involving counts of the “types”
of substituted and of unsubstituted sites, where sites i and j in
a configuration C are of the same type iff thereisa P € G¢
such that Pi = j. One may say also that such i and j are
“symmetry equivalent”, or thati and j are in the same “orbit”
of sites with regard to the skeletal symmetry group G. Nota-
bly the number of orbits of substituted sites for & & P identi-
fies the number d._, of successors in the Hasse diagram, and
the number of orbits of substituted sites identifies the num-
ber d_,; of predecessors in the Hasse diagram. Further, at a
given rank, these numbers evidently decrease as the symme-
try group “increases”. That is, if G; is a subgroup of G for &
and ¢ at the same rank, then d,, > d;,and d_; > d_.. Also to
deal with the point groups G; there is the method of marks
[53-57], which could perhaps be integrated with the current
reaction-poset approach. Amusingly this would couple our

D, 1
C 4
SN N
C, G G 2 2 2

W
C, 4
1
D, 1

Fig. (8). The D, hemoglobin-oxygenation network, with the algebraic representation of the poset members. Then the same D, network, first

with symmetries of its entries, and associated "symmetry numbers".
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reaction poset with the lattice of subgroups of I's, such a
lattice being but another special type of poset.

Yet further, the different isomers in the poset are each in
correspondence with different formal group-theoretic struc-
tures, called G,(I'c x I'c+) double cosets in I's. This is estab-
lished in the fundamental article of Ruch et al. [58] and later
reviewed [59] in a wider context, though without explicit
reference to our current posetic structure. This posetic di-
mension (and the relation to "double cosets") deserves fur-
ther attention, as all this could lead to further fundamental
development of stereochemical theory.

Evidently, there is an intimate relation between the per-
mutation-group-theoretic representation of isomers and the
current poset. It seems that the poset expressing the isomers
in terms of sets of configurations has embedded within it
different kinds of information, possibly of some chemical
relevance. One is tempted to seek to utilize the so-
represented formal poset for further chemical applications.

4. MOLECULAR PROPERTIES AND QSSAR

One sees that the structure of a posetic reaction diagram
retains some information about molecular structure. Cer-
tainly, the investigation of the information inherent in a reac-
tion diagram should be developed in a theoretical format and
different possible uses explored. To proceed beyond the
local structure to placement in a whole super-structural net-
work, one can speak of a quantitative super-structure/activity
relationship: QSSAR. In dealing with more conventional
physical or chemical properties, similarly "quantitative su-
per-structure/property relationship™ would be QSSPR.

It is rather natural to consider that different chemical
properties might be ordered in concert with the partial order-
ing of a progressive reaction poset. That is, for general struc-
tures o and £ in the reaction poset such that s follows «, then
property X might be ordered such that X(a) < X(p). If this is
true for every pair o > S, then the ordering for X is conso-
nant with the partial ordering of the reaction network. Even
if whenever g follows «, it turns out that X(a) > X(f), the
property ordering is still “consonant” with the partial order-
ing of the reaction network — the sense of the correspondence
between the two orderings is just reversed. Such "conso-
nance" is more technically termed isotonicity. This isotonic-
ity does happen, e.g., as illustrated in Fig. (9), for chroma-
tographic retention indices (on squalene at 96°C) of methyl-
benzenes. Isotonicity seems [60,61] to be a frequent occur-
rence for chlorobenzenes, and for methylbenzenes (from an
examination of over two dozen properties and activities).

But there is also the possibility of “imperfect isotonicity”.
Such indeed does occur, occasionally to some slight extent
[60,61] for chloroenzenes and methyl-benzenes, while for
fluorobenzenes, "non-isotonicity" seems to be a rather more
frequent circumstance. But even without perfect isotonicity,
the poset still may be of use, say if there is a gradual non-
monotonic change of a property along a posetically mono-
tonic chain through the network.

In any event, a prototypical problem to be addressed
might be that of interpolating or extrapolating properties
when only a fraction of the property values for the members
of the poset are known. Generally, methods which do not
presume isotonicity would be desirable, and also it would be
nice if the interpolation or extrapolation could be made with
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fewer numbers of known values. Thence indeed, there are
three or four interpolation/extrapolation schemes available —
which we now briefly describe.
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Fig. (9). The benzene-substitution network, showing chroma-
tographic Kovats retention indices for methyl benzenes. The result
is seen to be isotonic.
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A first especially simple sort of a scheme to interpolate
property values, at least in suitable cases, is the so-called

average-poset method. In this scheme a prediction X(B) is

made for a property X at a position £ in the poset if the prop-
erty values are available for all other positions immediately

adjacent to A in the Hasse diagram. One takes X(B) as the

average of two values: first the average of all X(a) with a an
immediate predecessor of g, and second the average of all
X(y) with y an immediate successor of 5. Thence for ortho-
dichoro-benzene (denoted by 12Cl,¢ or 0Cl,¢), the predicted
toxicity from the data for chlorobenzene (denoted Clg) and
for 1,2,3- and 1,2,4-trichloro-benzenes (denoted 123Cl;p and
124Clsp) is obtained via

X = (oCl,¢) = %{X(CI )+ %[X(123CI3¢) + x(124<:|3¢)]} (6)

somewhat similar ideas appear elsewhere [37,62-64]. But
also this scheme is akin to the neighbor-averaging scheme
originally used by Mendeleev to make predictions for se-
lected properties of then unknown elements (e.g., eka-
silicon, later named germanium). Indeed, this scheme in
application to Mendeleev’s periodic table is often described
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in texts for introductory chemistry courses. Notably, Men-
deleev’s scheme evidently appears to have even more in
common with our present work when Mendeleev’s periodic
table is interpreted as a poset (such as indeed has been sug-
gested [65]). This poset-average method has a disadvantage
though in requiring a great deal of data, for all positions
adjacent to the interpolated one in the poset — and conse-
quently in this simple form, this scheme is not suitable to
predict property values for the maximum or minimum mem-
bers of a poset. A natural way to extend this idea would be to
include further than just neighbors, such as the next scheme
does.

A second more general interpolation/extrapolation
scheme [66] is a posetic splinoid fitting method. This spli-
noid procedure imagines a function defined on each of the
line segments shown in the Hasse diagram (each such seg-
ment corresponding to a single step of the reaction here con-
sidered), the function is taken to be a cubic polynomial, such
that:

(1) its values (corresponding to property values) at the
end points are the same for each line segment incident
at a node;

(2) it is smooth at each node (with continuous deriva-
tives) in the direction of increase for the poset; and

(3) subject to the two preceding constraints, the total
effective “curvature” of the function (integrated over
all the line segments) is minimized.

Such a fitting scheme for the special case of a completely
ordered poset yields the standard and highly successful
spline fit, as in de Boor [67] or Ruitishauser [68]. For more
general posets such as the reaction networks here, the tech-
nigue is more recent. The consequent linear-algebraic formu-
las involve standard matrix inversions of matrices with sizes
no more than the number of members of the poset. With this
approach, even when structures at adjacent positions in a
reaction network have property values which are unknown
and are wished to be predicted, the spline-fitting method is
applicable, giving the vector of unknown values in terms of

the vector u of known values in terms of the vector k of
unknown values via

u=M k (7)

with M a matrix computed in terms of intrinsic characteris-
tics of the poset (and the partitioning between known and
unknown values). Indeed there is initial evidence that the
scheme is robust under the circumstance that even sizable
fractions of the property values are missing — perhaps even a
majority of the values might be missing. The errors may of
course be anticipated generally to increase with increasing
deficits of known property values. As an example, this
spline-fitting scheme has been used to deal with environ-
mental accumulation of polychlorinated biphenyls (PCBs).
Here, there are about 40 toxicities available, though there are
210 members of the substitution-reaction poset. Potentially,
this scheme is applicable to very large posets, though per-
haps not so large as the poset-average method — except that
the poset-average method can be viewed as a special case of
the present method, where the fitting for any member is done
simply in terms of the sub-poset comprised from this mem-
ber and its adjacent members. In the advent of very large
posets (of more than a few thousand members), though ma-
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trix inversions for the full poset might become inapplicable,
subposets larger than this minimal nontrivial neighbor choice
and smaller than the full poset could plausibly be used.

A third general fitting method uses a so-called cluster
expansion for the reaction poset. This gives a property X for
species S as a linear combination of a corresponding “con-
stituent” property x for earlier members of the poset

=B
X(B) = Y, c px(0r) (8)

with y,, intrinsic to the poset and the X-dependent x(«) being
determined either by “fitting” or by “inversion”. Usually, a
simplifying approximation is invoked wherein all but a few
of the very earliest a of the poset have x(a) = 0 — the result
being somewhat like a truncated Taylor-series expansion for
a continuous variable [43]. This is developed in detail else-
where, but the method is intimately related to more standard
(and widely reviewed) substructural cluster expansions
(more often called "group-function™ expansions, or "group-
contribution" methods, or "linear free energy relationships"),
where the partial ordering is that of being a subgraph (or
substructure) of the molecular graph (or structure). But as
emphasized [69] by Rota, such expansions apply for rather
general posets. Typical accounts of the substructural expan-
sion in chemistry most often do not explicitly identify the
posetic character, but sometimes [70,71] it is emphasized.
Like the splinoid method, the cluster-expansion method is
typically applicable to large posets, even with much missing
data. The cluster-expansion approach is very closely related
to the chemical substructural expansions, the least-squares
fitting of the parameters X(a) bears close resemblance to
ordinary QSAR usages, and the parameters are often inter-
pretable as representing contributions from different sub-
structures. Applications of the cluster-expansion and splinoid
scheme have typically been done [42,43,45,61] together.

Finally, error estimates for the fitting schemes might be
mentioned. To estimate the accuracy of either the average-
poset or splinoid schemes, all the presumed known values
are fit exactly. Then by leaving out each one of the known
values in succession and predicting it along with the other
unknowns, a quality-of-fit statistic is obtained as the stan-
dard deviation for the left-out knowns. And this same statis-
tic may be used for the cluster expansion.

5. DISCUSSION AND PROGNOSIS

It may be worthwhile to emphasize a little further the
generality and ubiquity of the general ideas described here.
Indeed, the idea of progressive reaction posets may be
viewed to underlie the general idea of periodic tables, with
Mendeleev’s periodic table of the elements providing the
most conspicuous example of such a periodic table. That is,
relations down columns of the table may be identified as
chains in the poset, also including interconnection from an
element in an A-column to the element in the corresponding
B-column one row down in the table. Here, the reactions
from one element to that below it in this posetic periodic
table are hypothetical nuclear reactions, but still there are
relations between properties of elements consonant with this
partial ordering. In addition to Mendeleev's periodic table,
there also is Randi¢ and Wilkins [72-74] “periodic table of
alkanes”, Dias [75,76] “formula periodic table of benze-
noids”, and a [77,78] “periodic table of all acyclics”. All
these periodic tables fall into two-dimensional arrangements
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with one type of hypothetical reaction down columns and
another type along rows. Most of these periodic-table exam-
ples end up with more than one chemical species at each
position (or node) of what then is recognized as a reaction
network. Especially in Randi¢ and Wilkins periodic-table
poset for alkanes, the type of property interpolation tech-
niques developed here should be rather directly applicable.
Thence, the substitution-reaction posets might be interpreted
as primitive “periodic tables”.

Also, it has been noted here that there evidently are many
molecular biological occurrences of these reaction posets.
And it has been noted that some extensions of our ideas may
be relevant to conventional combinatorial chemistry. Over-
all, it seems that the general ideas underlying our approach
are widespread, and perhaps many applications of the gen-
eral theory of posets may be made, maybe with some of the
techniques specifically adapted to the evidently ubiquitous
case of progressive reaction posets. It has been suggested
that they are a mathematically fundamental special kind of
poset. The currently noted interpolative fitting techniques
(poset-averaging, splinoid fitting, cluster expansion) go be-
yond simple ordering and ranking. Moreover, the considered
poset is determined a priori. This may be contrasted with the
environmental-science applications [62-64] of Briiggemann,
Carlsen and others where the considered poset is determined
a posteriori, in terms of the considered property values. The
property correlations for substitution-reaction posets as re-
ported in the various quoted articles are encouraging. Espe-
cially with larger posets (with small fractions of known data
points to interpolate from), the robustness of the splinoid and
cluster-expansion fitting methods is often very relevant, e.g.,
with the chloro-substitution reaction for biphenyl, where out
of 210 members one finds only about 40 toxicities reported
in the literature.

The “poset-average” and splinoid fitting procedures give
novel QSSAR fitting procedures, which are in essence pa-
rameter-free. The cluster-expansion approach yields fitting
parameters in a more conventional manner, and the possibil-
ity of the transfer of these parameters between different
reaction posets is a problem for future study. In the (few)
cases so far studied to make fits and predictions of proper-
ties, the various techniques seem to work quite reasonably.
The “poset-average” procedure recommends itself with its
great simplicity. The splinoid and cluster-expansion ap-
proaches however have an advantage of being tolerant to
larger deficits of information, while still seemingly making
reasonable predictions. The novelty of the approach in com-
parison to typical QSAR approaches, and in particular the
attention beyond structure to placements in reaction net-
works, suggests the designation of our approach to be that of
QSSAR (quantitative super-structure/activity relationships).
Further, it is emphasized that such directed reaction graphs
are widespread structure in chemistry, and conceivably even
in other sciences and mathematics as well. Sometimes, the
posets turn out to be quite complex, as with the briefly noted
addition-reaction poset for hydrogenation of buckminster-
fullerene — leading to a poset of ~10'° members. In some
cases, the poset may be infinite, as with the noted alkane
poset. More broadly, related types of progressive reaction
posets may occur in other areas — for example, the posets of
ancestors or food webs in biology could be susceptible to
some of the same analyses. Thence, there is much promise
for our presently indicated ideas and techniques. Notably, the
interpolation techniques considered here seem to be applica-
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ble to the somewhat more general periodic-table-like posets
mentioned near the beginning of this section.

Overall, notable success is evidenced to date in the few
investigations on simple substitution-reaction networks. As
such, this indicates a potentially wide-range of chemical
applications, and possibly to other fields as well. Further
posetic techniques should be developed and explored.
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